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Crossbar Theorem:  If ray AD is between rays AC and AB, then ray AD intersects line segment BC.

Introduction

David Hilbert was a leading pioneer in the world of mathematics and physics.  His notable accomplishments and research are in the areas of geometry, algebra, infinite-dimensional spaces and mathematical logic (Greenberg, 71).  While studying Euclid’s work, Hilbert realized that Euclid failed to create a specific axiomatic system that allowed for the clear definition of the existence of lines and points and their relationships.  Hilbert developed his axiomatic system during the early part of the twentieth century, and these axioms reflect concepts very similar to Euclid’s ideas.

Hilbert’s axioms can be separated into five subgroups: connection (relationships between point, line and plane), order (explaining the idea of “between”), congruence, continuity and parallelism.  Hilbert’s crossbar theorem is categorized as an axiom of order and simply states that if ray AD is between rays AC and AB, then ray AD intersects line segment BC.  One interpretation of the proof goes as follows:
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figure 1

Proof of Crossbar Theorem

The definition of Ray Betweenness states that ray AD is between rays AC and AB provided ray AB and ray AC are not opposite rays and point D is interior to <BAC.  So, given that ray AD is between rays AB and AC, we can conclude that the point D is interior to the angle <BAC.

By the definition of interior and the third clause of proposition 3.8, we know that all points lying on line segment AD are such that any point X on line segment AD is on the same side of line AC as point B, and is also on the same side of line AB as point C.  

Let points E and F be any points such that they satisfy C*A*E and B*A*F (see figure 1). By betweenness axiom one, we know that points C, A, and E are distinct points lying on the same line.  Likewise, points B, A and F are distinct points lying on the same line.  
The third clause of proposition 3.8 states that if D is interior of the angle <BAC and C*A*E, then point B is in the interior of angle <DAE.  By definition this means that point B is on the same side of line AD as point E.  Since C*A*E, points E and C are on opposite sides of line AD.  By corollary of betweenness axiom 4, points B and C are on opposite sides of line AD.  Since points B and C are on opposite sides of line AD, by the definition of same/opposite side, line segment BC must intersect line AD.
Let point G be any point on line AD such that G*A*D.  Thus by the law of excluded middle and proposition 3.1, line segment BC intersects either ray AD or ray AG.
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We now use a reductio ad absurdum (RAA) hypothesis to assume that line segment BC intersects ray AG at point G.  By proposition 3.7 we know that point G is interior to <BAC.   By the definition of interior point G is on the same side of line AC as point B.  Since D*A*G, point G is on the opposite side of line AC as point D.  Thus by the corollary of betweeness axiom 4, point B is on the opposite side of line AC as point D.

Since line AC equals line AE, this statement contradicts the fact that point B is on the same side of line AE as point D.  Thus we can conclude that the RAA hypothesis is false, and that the ray AD intersects line segment BC.
Conclusion

Hilbert played a key role in the foundation of geometry.  This small theorem was just one of many that would lead to the discovery of non-Euclidean geometry.  This innovative approach to the axiomatic systems helped and continues to help us today to better understand the non-Euclidean as well as the Euclidean world around us.
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